Superintegrable systems with monopole interactions in flat and curved spaces have attracted much attention. For example, models in spaces with a Taub-NUT metric are well-known to admit the Keplertype symmetries and provide non-trivial generalizations of the usual Kepler problems. In this paper, we overview new families of superintegrable Kepler, MIC-harmonic oscillator and deformed Kepler systems interacting with Yang-Coulomb monopoles in the flat and curved Taub-NUT spaces. We present their higher-order, algebraically independent integrals of motion via the direct and constructive approaches which prove the superintegrability of the models. The integrals form symmetry polynomial algebras of the systems with structure constants involving Casimir operators of certain Lie algebras. Such algebraic approaches provide a deeper understanding to the degeneracies of the energy spectra and connection between wave functions and differential equations and geometry.
Introduction
Classical and quantum superintegrable Hamiltonian systems with non-scalar potentials are significant research topics in mathematical physics. Wellknown examples are the Kepler problems with additional magnetic monopole interactions known as MICZ-Kepler monopole systems [1, 2] .
The family of Taub-NUT metrics provide interesting models for investigating classical and quantum conserved quantities on curved spaces. The geodesic of the generalized Taub-NUT metrics properly explains the motion of well-separated monopole-monopole interactions which provide non-trivial generalizations of the Kepler and harmonic oscillator systems [3, 4, 5, 6, 7, 8, 9, 10, 11] . The 5D Kepler systems interacting with su(2) monopoles or Yang-Coulomb monopoles have been investigated in [12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22] . Recently, there is a lot of international research interest in generalizing such monopole models to higher dimensions via different approaches [11, 23, 24, 25, 26, 27] .
Quadratic algebras are one important class of symmetry algebras for certain superintegrable systems [28] . The quadratic algebra Q(3) with three generators given by 2nd-order integrals of motion of 3D superintegrable models and its realizations in term of deformed oscillators have been presented in [29] by Daskaloyannis. We extended this work to N-dimensional superintegrable quantum systems with non-central scalar potentials [30, 31] . It was shown that the symmetry algebras of the N-dimensional superintegrable models have the intrinsic form
. . are certain Lie algebras [32] . We also applied the recurrence approach to the N-dimensional superintegrable systems and constructed the corresponding higher-rank polynomial algebras [33] . Recently, we applied the direct and recurrence approaches to superintegrable models with monopole interactions in both the flat and curved Taub-NUT spaces [34, 35, 36] .
In this paper, we review some of the main results obtained in the three papers [34, 35, 36] and show the monopole systems have the similar algebra structure P (3) ⊕ L as their symmetry algebra, where P (3) is a polynomial algebra involving three generators and
. . . Such algebraic structure allowed us to give purely algebraic derivations for the complete energy spectra of the models.
Superintegrable monopole models
In this section, we present the new families of Hamiltonian models interacting with monopoles in the flat and curved Taub-NUT spaces which were introduced in our recent papers [34, 35, 36] .
Consider the generalized Taub-NUT metric in 3D [3] 
where
, f (r) and g(r) are certain functions of r, ψ is the additional angular variable, dr
is the 3D line element and A is the vector potential for the magnetic field. The following two monopole systems in the 3D Taub-NUT space were introduced in [34, 36] 
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are the components of A which are identified with the monopole interactions; f (r) = 
The systems (2.2) and (2.3) are generalized Hartmann systems [37] in the curved Taub-NUT space with abelian monopole interactions. System (2.2) is referred to as Kepler monopole system which contains the Kaluza-Klein [4, 27] and MICZ monopole system [1, 2] as special cases. System (2.3) is referred to as MIC-harmonic oscillator monopole system.
We also consider the monopole model in the 5D flat Euclidean space [35] ,
where 
Here τ a are the 5 × 5 matrices
and σ i are the Pauli matrices. The system (2.5) is referred to as the 5D Kepler system in Yang-Coulomb monopole field with non-central potentials.
Integrals of motion and algebra structures
In this section, we highlight the common feature of the algebra structures generated by the integrals of motion of the superintegrable monopole models (2.2), (2.3) and (2.5).
Consider a superintegrable system H which allows two additional secondorder integrals of motion A and B and other first-order integrals of motion {F i }. Suppose that A, B and F i form the quadratic algebra structure Q(3)⊕L [29, 34, 35] ,
where γ, ǫ are constants, ζ, d, z are functions of H, G i with 
The Casimir operator K can also be realized as a polynomial of the central elements H and
The algebraically independent integrals of motion of model (2.2) in parabolic coordinates are given by [34] 
, and for the model (2.5) they are [35] 
By direct computations and using various commutation identities, it was shown [34, 35] We now turn our attention to model (2.3). The integrals of motion for this system were constructed via the recurrence approach [36] . This approach was previously restricted to systems with scalar potentials. We first extended the application of this recurrence method to superintegrable monopole systems in [36] . We here highlight the main results of [36] .
The integrals of motion for the Schrödinger Stäckel equivalent H
2 − 2bE and Ψ(r, θ, φ, ψ) = χ(r, θ)e i(ν 1 φ+ν 2 ψ) , were constructed from the suitable combinations of the ladder and shift operators [36] ,
,n are the ladder operators, J
are the shift operators and
is a well-defined operator [7] .
The action of the combinations of operators D 1 D 2 and D 2 D 1 can be obtained on the wave functions. D 1 and D 2 form an algebraically independent set of differential operators and they close to form the higher-rank polynomial algebra P (3) ⊕ L (see details in Ref. [36] ), 
Unirreps and spectra
In this section, we focus on the finite dimensional unitary representations of the quadratic algebras and apply the results to derive the energy spectra for systems (2.2), (2.3) and (2.5).
The quadratic algebra Q(3) can be realized in terms of the deformed oscillator algebra
with the structure function Φ(x) given by [34, 35] Φ(x; u, H) = −3072γ
The corresponding values of the structure constants are given in Table 1 for models (2.2) and (2.5), respectively.
On the other hand, for model (2.3), the symmetry algebra (3.10) was already in the form of the deformed oscillator algebra (4.1) by letting ℵ =
The structure function is given by [36] Φ(x; u, H
Using appropriate Fock space we can evaluate the structure functions (4.2) and (4.3) and obtain, for model (2.2), (2.5) and the Stäckel equivalent of model (2.3), respectively,
For finite dimensional unitary representations, we have the following constraints on the structure functions (4.4), (4.5) and (4.6),
where p is a positive integer. This gives (p + 1)-dimensional unitary representations and their solution gives the corresponding energy E K [34] , E Y C [35] , E M IC [36] , for ǫ 1 = ±1, ǫ 2 = ±1, The structure functions are positive for ǫ 1 = 1, ǫ 2 = 1 and m 1 , m 2 > 0. The energies have degeneracy of p + 1 only when these other quantum numbers would be fixed. The total number of degeneracies may be calculated by taking into account the further constraints on these quantum numbers.
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Conclusion
In this paper, we have reviewed families of superintegrable Hamiltonian systems with Yang-Coulomb monopole interactions in the flat and curved Taub-NUT spaces [34, 35, 36] and highlighted their unified algebra structures of the form P (3) ⊕ L. We have applied the direct and recurrence approaches to the superintegrable Hamiltonian systems interacting with monopoles and have given the algebraic derivations of their energy spectra. Our work represents the first application of the recurrence approach to models beyond scalar potentials such as the superintegrable monopole systems [36] . The direct and recurrence approaches could be extended to other N-dimensional MICZ-Kepler monopole type problems (e.g. [25, 38] ).
